The problem of estimating multiple loss parameters under energy constraints using the most general ancilla-assisted entangled parallel strategy is studied. An upper bound on the quantum Fisher information matrix is derived assuming the environment modes can be accessed. We then present a probe state that achieves this upper bound even in the practical case where the environment modes are inaccessible. This optimal probe can be prepared using single-photon sources and linear optics, and the optimal performance can be attained using on-off detection and classical processing. In the course of our analysis, we calculate explicitly the energy-constrained Bures distance between M -fold tensor products of two pure-loss channels.
While not indicated explicitly in Fig. 1 , multiple signal modes may probe each loss element, and the quantum state of all the signal and ancilla modes may be entangled. We assume that the environment modes entering the "unused" ports of the beam splitters are all in the vacuum state, a realistic assumption at optical frequencies if additional background light is absent. The output environment modes are typically inaccessible for measurement, so we assume that only the signal and ancilla modes are measured using an arbitrary quantum measurement in order to estimate the transmissivity values. As a measure of the resources involved in the estimation, we will assume that the energy [8] allocated to the signal modes probing the k-th loss element is specified as
. Indeed, not only is arbitrarily precise loss estimation possible if the probe energy is not constrained, but it is necessary under many circumstances to minimize the photon flux through the optical element, e.g., to avoid damage or alteration of processes in live tissue [9] , to calibrate sensitive single-photon detectors [3] , or for covertness.
In this paper, we solve the problem of quantumoptimal estimation of K transmittance parameters {η k } K k=1 with a given signal energy budget {E k } K k=1 using the general ancilla-assisted entangled parallel strategy shown in Fig. 1 . Specifically, we obtain an upper bound on the quantum Fisher information matrix for the problem, and then present a probe state that achieves the bound. This probe state also achieves the energy-constrained Bures distance between product loss channels, a result of independent interest. Finally, we show that the quantum-optimal performance is achievable using single-photon sources, linear optics, and on-off (single-photon) detectors.
Problem Formulation and Estimation-Theory Review -The action of the k-th beam splitter on the m-th signal mode annihilation operatorâ (m) and the m-th environment mode annihilation operatorê (m) takes the form
in , e (m)
in the Heisenberg picture, where 1 ≤ m ≤ M , the total number of signal modes such that K ≤ M . In the Schrödinger picture, the evolution (1) is realized by the system-environment unitaryÛ
where the "angle" φ k ∈ [0, π 2] is defined by cos φ k = √ η k . We assume that the joint probe state on the combined signal and ancilla modes is a pure state ψ⟩ satisfying the energy constraints ⟨ψ
is the total photon number operator of the signal modes probing the k-th loss element. Note that a mixed probe state can be purified us- ing additional ancilla modes without altering the signalmode state or worsening the performance. As noted earlier, the environment modes are initially in the multimode vacuum state 0⟩ E and the ancilla modes do not suffer any degradation. The quantum channel L η k on the signal mode induced by (1) maps a signal density operator ρ to the output state L η k (ρ) whose Wigner characteristic function is given by
where χ in (ξ) is the Wigner characteristic function of ρ (see, e.g., [5] ). We work in the angle parametrization φ = (φ 1 , . . . , φ K ) or the equivalent transmittance parameterization η = (η 1 , . . . , η K ) according to convenience. Denoting the initial state of the entire system (signal + ancilla + environment modes ≡ SAE) by σ = ψ⟩ ⟨ψ SA ⊗ 0⟩ ⟨0 E , the evolution (1) results in an output pure state σ φ of SAE. Since the output environment modes are inaccessible, the relevant output state is ρ φ = Tr E σ φ . The state family {ρ φ } gives rise to the corresponding multi-parameter quantum Cramér-Rao bound (QCRB), which we now review (see, e.g., refs. [10] for details). For each parameter φ i , there exists a Hermitian operatorL i (that depends on φ in general) called the symmetric logarithmic derivative (SLD) operator satisfying
The quantum Fisher information matrix (QFIM) K (also denoted K φ if the parametrization is to be emphasized) is the K × K matrix whose ij-th matrix element is given by
The operational significance of the QFIM is as follows: Consider any measurement applied to the output modes resulting in an estimate vectorφ = φ 1 , . . . ,φ K for φ. The error covariance matrix Σ of the estimate has the matrix elements Σ ij = E φ i − φ i φ j − φ j , where E denotes expectation over the measurement results. If the estimate is unbiased, i.e., if E φ i = φ i for all φ and i, the QCRB is the matrix inequality
implying that Σ − K −1 is a positive semidefinite matrix. One may further choose a positive semidefinite K × K cost matrix G in order to define a scalar cost tr GΣ [11] . The QCRB then implies that any unbiased estimatorφ has cost tr GΣ ≥ tr GK −1 . The estimation of a single loss parameter has been studied before [12] [13] [14] [15] [16] , but not in the generality considered here. Ref. [12] focuses on measurement optimization and did not consider probe optimization, [13] focuses on entangled coherent state probes with a fixed measurement, [14] focuses on single-mode Gaussian-state probes, and [15] considers optimization of a probe state of a single signal mode. Ref. [16] considers joint Gaussian probes of a signal and ancilla mode. Thus, none of the above works addressed the fully general multimode ancilla-assisted parallel strategy or the multi-parameter case solved here.
Upper bound on the QFIM -We now obtain an upper bound (in the matrix-inequality sense) on the QFIM for estimating φ, extending the approach of Monras and Paris [14] for the single-parameter case. We do this by evaluating the QFIM under the assumption that the output environment modes ê
are also accessible. By the monotonicity of the QFIM under partial trace [17] , this upper bounds the QFIM for the actual situation where the environment modes are inaccessible.
With the angle parametrization, we can write the output state of the joint evolution of SAE as
In writing the above, we have assumed for notational simplicity that exactly one signal mode is used to probe each of the K beam splitters -this assumption will be relaxed shortly. Since σ φ is pure, differentiating σ
Using the purity of σ φ and the fact that the environment modes are in vacuum, a direct calculation of the ij-th matrix element of the QFIM K ij = Tr σ φ ˆ iˆ j +ˆ jˆ i 2 (where the tilde denotes that this matrix is calculated assuming access to the environ-ment modes) gives
where E i is the energy of ψ⟩ in the i-th signal mode. If multiple signal modes are used to probe each loss element, a similar calculation gives the same result with E i now the total energy in the signal modes used to probe the i-th beam splitter. The monotonicity of the QFIM then implies that the true QFIM matrix K φ satisfies
Note that this bound is valid for any probe state with the given signal energy distribution. We refer to (6) as the generalized Monras-Paris (MP) limit. Energy-constrained Bures distance between loss channels -Consider the situation of Fig. 1 with K = 1, a probe with M signal modes with total energy E, an arbitrary ancilla A, and two possible values of transmittance (angle) η (φ) and η ′ (φ ′ ), i.e., as an ancilla-assisted channel discrimination problem between product channels M = L with a total signal energy constraint. This perspective arises naturally in the quantum reading of a digital optical memory [18] in which the loss channels represent the two possible values of a bit stored in the memory. Several measures of general channel distinguishability under an energy constraint have been proposed recently, e.g., the energy-constrained diamond distance [19] , the energy-constrained Bures distance (ecb-distance) [20] and general energy-constrained channel divergences [21] . We focus here on the ecb-distance defined for any bosonic channels M and N on the signal modes S as [22] :
where F (ρ, σ) = Tr √ ρ σ √ ρ is the fidelity between states, A is an arbitrary ancilla system, id is the identity channel on A, ψ⟩ is a joint state of SA,N S is the total photon number operator on S, and the optimization is over all pure states of SA with signal energy E.
. An arbitrary probe state ψ⟩ can be written as
where n⟩ S = n 1 ⟩ n 2 ⟩ ⋯ n M ⟩ is an M -mode number state of S, { φ n ⟩ A } are normalized states of A, and p n is the probability distribution of n. The energy constraint takes the form
i.e., the probability mass function of the total photon number in the signal modes. It was shown in ( [23] , Sec. II) that for any probe (8) with given {p n }, the fidelity between the outputs of the channels is bounded from below as
n , where
Moreover, it was shown ([23], Sec. IV.A) that if the { φ n ⟩ A } are orthonormal, the lower bound is achieved regardless of the way in which the photon number is distributed among the M signal modes. This orthonormality condition is equivalent to the reduced density operator of S being diagonal in the multimode number state basis, so such probe states ψ⟩ are called Number-Diagonal Signal (NDS) states [23] . Thus, in order to calculate the ecb-distance (7), we need to minimize the NDS probe output fidelity F = ∑ n p n µ n under the energy constraint (9) . Consider an arbitrary {p n } satisfying the energy constraint and let A ↓ = ∑ n≤⌊E⌋ p n , and
Considering the graph of the function x ↦ µ x , convexity implies that the chord joining (E ↓ , µ E↓ ) and (E ↑ , µ E↑ ) lies above that joining (⌊E⌋, µ ⌊E⌋ ) and (⌈E⌉, µ ⌈E⌉ ) in the interval ⌊E⌋ ≤ x ≤ ⌈E⌉. Since the energy constraint Eq. (9) can be satisfied if E ↓ = ⌊E⌋ and E ↑ = ⌈E⌉, i.e., if p n is concentrated at the two points n = ⌊E⌋ and n = ⌈E⌉ with p ⌊E⌋ = 1−{E} and p ⌈E⌉ = {E} [24] , the energy-constrained minimum fidelity is given by:
where {E} = E − ⌊E⌋ is the fractional part of E. Using Eq. (7), we get the ecb-distance between the loss channels L ⊗M η and L ⊗M η ′ -see Fig. 2 . Since the ecb-distance is an increasing function of E, it equals (up to normalization) that defined with an inequality constraint in [20] .
Note that the optimal probe states achieving the ecbdistance are independent of the loss values η and η ′ , while the ecb-distance between L ⊗M η and L ⊗M η ′ is independent of M . Thus, the probe state can be chosen to have a single signal and ancilla mode, but we may also use the state
with ⌈E⌉ signal modes and at most one ancilla mode, which can be prepared using single-photon states and linear optics.
Optimal Multiparameter Loss Estimation -Let us now apply this result to the original estimation scenario of (7) between M -fold copies of pure-loss channels of transmittance η = cos 2 φ and η ′ = cos 2 φ ′ respectively plotted as a function of the total signal energy E. The ecb-distance is independent of M and depends on E and ∆φ = φ ′ − φ alone. Fig. 1 . Consider first the estimation of a single angle parameter φ using a signal energy E. If the probe state (12) is used, we can calculate the resulting QFI using Eq. (11) and the relation between fidelity and the QFI [25] :
so that the MP limit is saturated by this probe at all values of E and φ. For integer E, we have p E = 1 in the optimal state, so that the single-mode number state of E photons is also optimal, agreeing with the result of [15] . For non-integer E however, and in particular for E < 1, the unentangled states proposed in [15] are suboptimal if ancilla entanglement is allowed. Consider now the multiparameter case φ = (φ 1 , . . . , φ K ) with the given energy budget {E k }. Let us use the probe state
with the implied number of signal and ancilla modes. Denoting as before the output state as ρ φ , it easy to see that the k-th SLD operatorΛ
The SLDs are commuting and the ij-th element of the QFIM is:
where we have used Tr ρ E kL k = 0 for all k and the singleparameter result Tr ρ E kL 2 k = 4E k . Thus, the product probe ⊗ K k=1 ρ E k achieves the generalized MP limit (6) and is quantum-optimal. Since the SLDs commute and the QFIM is diagonal, there is no obstacle to the simultaneous achievement of the QCR bounds for the parameters [10, 26] .
The SLD operators corresponding to the parametrization in terms of η are given byΛ
in the transmittance parametrization. In comparison, the QFIM for a product coherent-state input with the given energies is
so that a large advantage is available for transmittance values close to unity. We now show that the optimal performance is obtainable using on-off detection. For any of the K parameters, and for general non-integer E k , the probe ρ E k has ⌈E k ⌉ signal modes and one ancilla mode. Performing on-off detection in each of these modes after probing the channel gives a vector observation C = C S1 , . . . , C S ⌈E k ⌉ , C A , where each component of C is a bit indicating whether or not the detector in that mode fired. The classical Fisher information J η k [C] of this measurement is then, using the chain rule [27] (the last term is the conditional Fisher information for the detection of the entangled signal mode given the result of detection of its ancilla mode):
which is the QFI. Thus, per-shot on-off detection suffices to attain the QFI and more involved adaptive measurements over multiple shots are unnecessary [28] . Finally, by using a large number N of copies of the state ψ E N ⟩ of (12), the maximum-likelihood estimator on the multishot measurement record can be used to approach the QCRB (15) by increasing N for any finite E [29] . Discussion -We obtained the optimal probe state and measurement for the simultaneous estimation of K transmittance parameters using the most general ancillaassisted entangled parallel strategy. For arbitrary values of E, the probe states can be prepared using on-demand or heralded single-photon sources -now a mature technology [30] -and linear optics, circumventing the difficulties of preparing nonclassical states of large energy. Further, the optimal estimation of all parameters is simultaneously achievable without entanglement between the signal modes and using only on-off detection and classical processing. Interestingly, our results also show the nearoptimality of the so-called absolute calibration method for measuring transmittances [31] which has been of recent experimental interest [3] provided only the energy of the postselected signal modes is counted. It is remarkable that by using at most 1 ebit of ancilla entanglement, one can achieve the exact same performance that access to the output modes would give. This is in contrast to the case of estimating Hamiltonian shift parameters in the presence of noise, for which the performance is strictly worse than the noiseless case even with ancilla entanglement [32] . We have focused on ancilla-assisted parallel strategies in this paper -it remains to be seen if sequential adaptive estimation strategies [33] can yield further improvements over the performance obtained here.
Enroute to our estimation theory results, we derived the ecb-distance between M -fold products of loss channels. It is remarkable that the ecb-distance for loss channels can be calculated exactly while, to the best of our knowledge, the available results for unitary channels, e.g., the phase shift channel, are in the form of quantum speed limit bounds (see, e.g., [34] for a review).The results of [35] show that NDS probes also achieve the energyconstrained diamond distance. Independently, Sharma et al. have shown [21, 36] that NDS input probes optimize general energy-constrained channel divergences between any phase-covariant bosonic channels. It may thus be hoped that other energy-constrained channel divergences may be calculated using similar techniques, and their connections to interesting problems in optical quantum metrology may be elucidated.
